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COVERINGS AND THE HEAT EQUATION ON GRAPHS:
STOCHASTIC INCOMPLETENESS, THE FELLER
PROPERTY AND UNIFORM TRANSIENCE
BOBO HUA, FLORENTIN MU¨NCH, AND RADOS LAW K. WOJCIECHOWSKI
Abstract. We study regular coverings of graphs and manifolds with
a focus on properties of the heat equation. In particular, we look at
stochastic incompleteness, the Feller property and uniform transience;
and investigate the connection between the validity of these properties
on the base space and its covering. For both graphs and manifolds, we
prove the equivalence of stochastic incompleteness of the base and that
of its cover. Along the way we also give some new conditions for the
Feller property to hold on graphs.
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1. Introduction
Connections between coverings and properties of solutions to the heat
equation have been studied previously by various authors for both Rie-
mannian manifolds [12, 13, 36, 61, 70, 81] and graphs [16, 23], among other
works. Here, we contribute to this investigation by looking at three recently
developed properties of interest for the heat equation on infinite weighted
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graphs, namely, stochastic incompleteness, the Feller property and uniform
transience; and study how these properties behave with respect to coverings.
All three of these properties involve heat escaping to infinity in some sense.
Stochastic incompleteness (or non-conservativeness) concerns a loss in the
total amount of heat at some time. This has been studied rather thoroughly
for manifolds, see [36] for an overview, and, more recently, for graphs [23,
31, 37, 43, 46–48, 55, 58, 75, 91, 93–95]. The Feller property concerns heat
vanishing at infinity. It has been investigated for manifolds in [1,18,22,40,81,
98], among other works and, again more recently, for graphs in [96]. Uniform
transience is a strengthening of transience (as well as of the Feller property)
which was recently introduced for graphs in [56], following previous work in
[3,52,53,92]. This is also related to the notion of uniform subcriticality which
has been studied for elliptic operators defined on domains in Euclidean space
in [82] and, more recently, for Schro¨dinger operators on weighted graphs
in [59]. Intuitively, if transience means that heat (or a random walker)
escapes to infinity eventually, uniform transience means that it does so in
all directions. The only connection in general between these properties is
that uniform transience always implies the Feller property, see [56].
In this note, we investigate how these three properties propagate between
a base space and a regular covering of the space. As we will see, in general,
a base graph is stochastically incomplete if and only if the cover is stochas-
tically incomplete while for the Feller property and for uniform transience
we show that if the base satisfies these properties, then so does the covering
but not the other way around, see Theorem 4.6. In the case of finitely many
sheets, all three statements become equivalences.
For both stochastic incompleteness and the Feller property, we are guided
in this by previous work on Riemannian manifolds. For stochastic incom-
pleteness, this result is known for manifolds but the proof found in the
literature uses stochastic partial differential equations see, for example, [25].
It was asked in [81] to find a deterministic proof of this result. In this note,
we provide such a proof in Theorem 5.5. We use a result of Li, see Theo-
rem 5.3, which reveals a simple connection between the heat kernel on the
base and the heat kernel on the cover and can be derived from the arguments
found in [11,62]. We first develop this approach for graphs, see Theorem 4.4
and Theorem 4.6 (i).
Likewise, for the Feller property on manifolds, the recent paper of [81]
offers such a result with a slightly more difficult proof while it is rather a
direct consequence of the connection between the heat kernels mentioned
above, see Theorem 4.6 (ii). For uniform transience, we are not guided by
any work on manifolds but rather exploit a connection between the various
equivalent statements for uniform transience found in [56] and the Green’s
function.
Before establishing these connections, we further explore the Feller prop-
erty for graphs. We first show that the Feller property enjoys a certain
uniformity with respect to time in Lemma 3.1. We then give some new
conditions for the Feller property to hold. Specifically, we first utilize the
elliptic characterization of the Feller property to give a condition for the
Feller property in terms of an inner degree growth in Theorem 3.2. This
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greatly improves a result found in [96] where a parabolic viewpoint is used
to show that a uniform bound on the vertex degree implies the Feller prop-
erty in analogy to [22,98]. Given that many criteria for the Feller property
on Riemannian manifolds involve lower bounds on the Ricci curvature, it is
surprising that such lower bounds do not imply the Feller property in the
discrete setting as we show in Proposition 3.5. We then use the heat kernel
estimates proven in [7] to give another growth condition for the Feller prop-
erty which connects the decay of the vertex measure and the growth of an
intrinsic metric on the graph in Theorem 3.9. The concept of an intrinsic
metric was first introduced in full generality in [32] and has found numerous
applications in proving results analogous to those on Riemannian manifolds
in the graph setting, see [5, 9, 29–31, 39, 41, 48, 49] and [54] for a survey of
results in this direction.
The structure of the paper is as follows. In Section 2 we introduce our
main setting of infinite weighted graphs and define the concepts of stochastic
incompleteness, the Feller property and uniform transience in this context.
We also discuss the notion of a regular covering for weighted graphs. In
Section 3 we have a closer look at the Feller property and prove the unifor-
mity in time as well as the improved criteria for the Feller property to hold
mentioned above. In Section 4 we study the connections between a base
and its covering with respect to these properties and also give some spectral
consequences in this setting. In Section 5 we give a proof of the equivalence
of stochastic incompleteness of a manifold and that of its cover.
2. Setting and basic definitions
2.1. Laplacians and the heat equation. We consider weighted graphs
and graph Laplacians as in [55] with no killing term and with the additional
assumption that our graphs are locally finite. That is, a graph G = (X, b,m)
is a triple where X is a countable set of vertices, b : X ×X → [0,∞) is an
edge weight which satisfies b(x, x) = 0, b(x, y) = b(y, x) and |{y | b(x, y) >
0}| < ∞ and m : X → (0,∞) is vertex measure which can be extended to
all subsets of X by countable additivity.
For x ∈ X, we let the weighted degree of x be given by
Deg(x) =
1
m(x)
∑
y∈X
b(x, y).
If b(x, y) > 0, we say that x and y are connected by an edge with weight
b(x, y) and write x ∼ y. For x ∈ X, we call the set {y | y ∼ x} the
neighborhood of x. We assume that all graphs are connected in the usual
sense of paths, that is, for all x, y ∈ X, there exists a sequence of vertices
(xi)
n
i=0 such that x = x0, y = xn and xi ∼ xi+1 for all i = 0, 1, . . . n − 1.
We denote the usual combinatorial graph metric by d, that is, d(x, y) :=
inf{n | x = x0 ∼ . . . ∼ xn = y}. Likewise, we will say that a subset of X is
connected if it is connected in the sense of paths which remain in the subset.
If b(x, y) ∈ {0, 1} and m = 1, then we say that the graph has standard edge
weight and measure.
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We let C(X) = {f : X → R} denote the space of all real-valued functions
on X and let L : C(X)→ C(X) denote the formal Laplacian which is given
by
Lf(x) =
1
m(x)
∑
y∈X
b(x, y)(f(x) − f(y)).
If Cc(X) denotes the finitely supported functions in C(X) and
ℓ2(X,m) = {f ∈ C(X) |
∑
x∈X
f2(x)m(x) <∞}
with inner product 〈f, g〉 =
∑
x∈X f(x)g(x)m(x) and associated norm ‖f‖ =
〈f, f〉1/2 denotes the Hilbert space of square summable functions with re-
spect to m, then we let L denote the smallest self-adjoint extension of L
restricted to Cc(X), see [38,49,55] for more details.
For t > 0, we let e−tL denote the heat semigroup of L and let pt(x, y)
denote the heat kernel of the graph which is defined by
e−tLf(x) =
∑
y∈X
pt(x, y)f(y)m(y)
for all functions f ∈ ℓ2(X,m). We note that u(x, t) = e−tLf(x) is the
minimal solution to the heat equation (L + ∂t)u = 0 with initial condition
u(x, 0) = f(x) whenever f ≥ 0. In particular, pt(x, y) is the smallest non-
negative function which satisfies (L+∂t)pt(x, y) = 0, where the Laplacian is
applied in either variable, and p0(x, y) = 1̂x(y) where 1̂x = 1x/m(x) is the
delta function at x divided by the measure at x. Furthermore, as we assume
that the graph is connected, pt(x, y) > 0 for all t > 0, x, y ∈ X, see [55]
By monotone approximation, the heat semigroup can be extended to all
ℓp(X,m) for p ∈ [1,∞], see [55] for details. In particular, the heat semigroup
can be applied to the constant function 1, which is 1 on all vertices. This fact
will be needed for the definition of stochastic incompleteness given below.
For vertices x, y ∈ X we let g(x, y) denote the Green’s function which is
defined by
g(x, y) =
∫ ∞
0
pt(x, y)dt.
Note that this function is either always infinite or always finite. In the first
case, a graph is called recurrent, in the second, transient. An alternative
definition for the Green’s function is given via resolvents as follows:
g(x, y) = lim
α→0+
(L+ α)−11̂x(y).
For a sequence of vertices (xn), we write xn →∞ as n→∞ if (xn) leaves
every finite set eventually. Furthermore, we let
C0(X) = Cc(X)
‖·‖∞
denote the set of functions vanishing at infinity where ‖f‖∞ = supx∈X |f(x)|.
Hence, f ∈ C0(X) if and only if f(xn)→ 0 for every xn →∞.
With these preparations we can define the three properties of the heat
equation which we consider in this paper.
Definition 2.1. A graph G = (X, b,m) is said to satisfy
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(SI) Stochastic incompleteness if for some (all) x ∈ X, some (all) t > 0∑
y∈X
pt(x, y)m(y) < 1.
(FP) The Feller property if for some (all) x ∈ X, some (all) t > 0
pt(x, yn) −→ 0 as yn →∞.
(UT) Uniform transience if there exists a constant C > 0 such that for all
x ∈ X
g(x, x) ≤ C.
Remark 2.2. (i) Note that all three properties have to do with heat
escaping at infinity. However, all of the properties have quite a dif-
ferent flavor. In particular, both (SI) and (FP) depend strongly on
the measure while (UT) does not. In fact, if the inequality in the
definition of (UT) holds for one measurem, then it holds for all mea-
sures (with the same constant). Furthermore, while (SI) and (UT)
require a large growth on the graph, (FP) can happen in the case
of both large and small growth. The only general implication that
holds between these properties is that (UT) =⇒ (FP) as noted in
[56] where (UT) is systematically introduced and studied. However,
note that the Green’s function does not appear in [56] but (UT) is
rather introduced via several other equivalent conditions. In partic-
ular, (UT) is equivalent to infx cap(x) > 0 where cap(x) denotes the
capacity of x which is defined via
cap(x) = inf
ϕ∈Cc(X),ϕ(x)=1
Q(ϕ)
where Q(ϕ) = 12
∑
x,y∈X b(x, y)(ϕ(x) − ϕ(y))
2 denotes the energy
of ϕ. Furthermore, (UT) is also equivalent to the existence of a
constant C > 0 such that C‖ϕ‖∞ ≤ Q(ϕ) for all ϕ ∈ Cc(X). As
pointed out by M. Schmidt, either of these conditions is easily seen
to be equivalent to our definition of (UT) by using general principles
such as the resolvent formulation of the Green’s function and the
Green’s formula.
(ii) An equivalent formulation for (FP) is that e−tL : C0(X) → C0(X),
as such, this is also called the C0-conservativeness property.
(iii) The fact that (UT) =⇒ (FP) mentioned above follows from another
characterization of (UT) given in [56]. Namely, (UT) is equivalent
to the fact that the domain of the form associated to L is contained
in C0(X) for all measures m. That is,
D(Q) = Cc(X)
‖·‖Q
⊆ C0(X)
for all measures m where ‖ϕ‖Q = (‖ϕ‖
2 + Q(ϕ))1/2. Hence, if a
graph satisfies (UT), then e−tL(Cc(X)) ⊆ D(Q) ⊆ C0(X) and (FP)
follows by continuity of the semigroup with respect to the sup norm.
(iv) It is always true that
∑
y∈X pt(x, y)m(y) ≤ 1. In particular, if
infxm(x) > 0, then a graph automatically satisfies (FP) as pointed
out in [96]. We will improve this result below to allow some decay
to 0 on the part of m.
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(v) We mention that there are elliptic viewpoints for both (SI) and (FP)
as follows: (SI) is equivalent to the existence of a positive, bounded
function v such that Lv ≤ λv for some λ < 0, see [55]. (FP) is
equivalent to the existence of a positive function v which vanishes at
infinity such that Lv ≥ λv for some λ < 0, see [96]. We will return
to this later.
(vi) It follows from the semigroup property and maximum principles that
if the graph satisfies (SI) for some x and some t, then it satisfies (SI)
for all x and all t, see [55]. From the elliptic viewpoint for (FP), it
is clear that (FP) satisfies the same property with respect to x. We
will establish that (FP) satisfies an even stronger uniformity with
respect to t below, see Lemma 3.1.
2.2. Regular coverings. We now make precise the notion of a regular
covering in the setting of weighted graphs. We consider a graph as a 1-
dimensional simplicial complex which is a metric space with respect to the
combinatorial graph metric.
Definition 2.3. We say that a graph G˜ = (X˜, b˜, m˜) is a regular covering of
G = (X, b,m) if (X˜, b˜, m˜) is a regular covering space in the topological sense
and if the edge weights and measures are such that the deck transformations
are graph isomorphisms. That is, there exists an onto map
π : X˜ → X
which, for every x˜ ∈ X˜ , is a graph isomorphism on the neighborhood of x˜
and which satisfies
b˜(x˜, y˜) = b(x, y) and m˜(x˜) = m(x)
for all x˜, y˜ ∈ X˜ with x˜ ∼ y˜, π(x˜) = x and π(y˜) = y. We call G˜ the cover
and G the base in this case. The set π−1(x) is called the fiber over x ∈ X
and the cardinality of this set is referred to as the number of sheets of the
covering.
In particular, note that L˜(f ◦ π)(x˜) = Lf(x) for all x ∈ X, x˜ ∈ X˜ such
that π(x˜) = x and all f ∈ C(X) where L˜ (L, respectively) denotes the
Laplacian on G˜ (G, respectively). Furthermore, as the covering is regular,
for every x ∈ X and all x˜1, x˜2 ∈ π
−1(x), there exists a deck transformation
γ which is a graph isomorphism such that γ(x1) = x2. We will denote the
set of all deck transformations by Γ. In particular,
p˜t(x˜, y˜) = p˜t(γ(x˜), γ(y˜))
for all γ ∈ Γ, t ≥ 0 and x˜, y˜ ∈ X˜.
3. The Feller property
In this section we have a closer look at the Feller property (FP). First,
we show that (FP) satisfies a uniformity in both space and time. We then
give some new criteria for (FP) to hold on graphs.
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3.1. Uniformity. We show that if the heat kernel vanishes at infinity for
one t, then it does so for all t. In fact, we show that (FP) is equivalent to an
even stronger statement with respect to time. In order to do so, we utilize
the semigroup property which states that e−(s+t)L = e−sLe−tL or, in terms
of the heat kernel,
ps+t(x, y) =
∑
z∈X
ps(x, z)pt(z, y)m(z).
Recall that a graph satisfies (FP) if pt(x, yn) → 0 for all t > 0 and all
x ∈ X as yn → ∞. We will say that a graph satisfies the uniform Feller
property or (UFP) if
max
t∈[0,T ]
pt(x, yn) −→ 0 as yn →∞
for all x ∈ X, all T > 0. We now show that for both of these properties,
it suffices that the heat kernel vanishes at infinity at only one time and one
vertex.
Lemma 3.1. Let G = (X, b,m) be a graph with heat kernel p. The following
statements are equivalent:
(i) pt0(x0, yn) −→ 0 as yn →∞ for some t0 > 0, some x0 ∈ X.
(ii) G satisfies (FP).
(iii) G satisfies (UFP).
Proof. (i) =⇒ (ii): Let x ∈ X and t < t0. It then follows from the semigroup
property that
pt0(x0, yn) =
∑
z∈X
pt0−t(x0, z)pt(z, yn)m(z)
≥ pt0−t(x0, x)pt(x, yn)m(x).
Therefore,
pt(x, yn) ≤
pt0(x0, yn)
pt0−t(x0, x)m(x)
−→ 0 as yn →∞
for all x ∈ X and t < t0. Taking finite sums yields e
−tL(Cc(X)) ⊆ C0(X)
for t < t0. A density argument yields e
−tL : C0(X)→ C0(X) for t < t0 and,
finally, the semigroup property gives e−tL : C0(X)→ C0(X) for all t ≥ 0.
(ii) =⇒ (iii): For a fixed x ∈ X, note that u(y, t) = e−tDeg(x)1x(y) is a
subsolution for the heat equation, that is, (L+∂t)u(y, t) ≤ 0, with u(y, 0) =
1x(y). By applying a maximum principle such as Proposition 2.2 in [96], it
follows that e−tDeg(x)1x ≤ e
−tL1x, that is,
e−tDeg(x)1x(y) ≤ pt(x, y)m(y).
Now, for T > 0 and t ∈ [0, T ], we get that
pT (x, yn) =
∑
z∈X
pT−t(x, z)pt(z, yn)m(z)
≥ e−(T−t)Deg(x)pt(x, yn).
Therefore,
pt(x, yn) ≤ e
(T−t)Deg(x)pT (x, yn) ≤ e
TDeg(x)pT (x, yn)
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for all t ∈ [0, T ]. The conclusion then follows.
(iii) =⇒ (i): This is clear. 
3.2. Degree criteria. We now prove criteria for the Feller property (FP)
involving vertex degree quantities. Any graph for which the weighted degree
Deg(x) = 1m(x)
∑
y∈X b(x, y) is a bounded function on X satisfies (FP), see
Theorem 4.2 in [96]. We note that this condition is equivalent to L being a
bounded operator on ℓ2(X,m), see [55].
This result was obtained by using the parabolic perspective and gives a
counterpart to the result on manifolds which states that if the Ricci curva-
ture is uniformly bounded from below, then the manifold satisfies (FP), see
[22, 98]. However, in the manifold case, the optimal result for Ricci curva-
ture is obtained by using probabilistic methods and allows for some rate of
decay, see [40] and further discussion in Subsection 3.3.
In order to prove our criteria, we take advantage of the elliptic perspective
on the Feller property first pointed out for manifolds in [1] which formally
carries over to the graph setting. That is, by combining Theorems 3.3 and 3.6
in [96], we obtain that a graph satisfies (FP) if and only if there exists a
positive function v ∈ C0(X) such that
Lv ≥ λv
for λ < 0.
For a vertex x0 ∈ X, we let Sr := Sr(x0) := {x | d(x, x0) = r} where d
denotes the standard combinatorial graph metric. We let
D(r) = max
x∈Sr
Deg(x)
denote the maximal degree on a sphere. For x ∈ Sr, we let Deg±(x) =
1
m(x)
∑
y∈Sr±1
b(x, y) denote the outer and inner degree of x and let
D±(r) = max
x∈Sr
Deg±(x) and d±(r) = min
x∈Sr
Deg±(x).
Theorem 3.2. Let G = (X, b,m) be a graph.
(i) If for some vertex x0 ∈ X∑
r
1
D−(r)
=∞,
then the graph satisfies (FP).
(ii) If for some vertex x0 ∈ X∑
r
D(r)− d−(r) + 1
d−(r)
<∞,
then the graph does not satisfy (FP).
This yields the following immediate corollary.
Corollary 3.3. Let G = (X, b,m) be a graph. If for some vertex x0 ∈ X
D−(r) = O(r), as r →∞,
then the graph satisfies (FP).
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Remark 3.4. We contrast the conditions in Theorem 3.2 with some related
criteria for (SI). Namely, in [93,94], it is shown that for graphs with standard
edge weights and measure if
∑ D−(r)+1
d+(r)
< ∞, then a graph satisfies (SI).
This was later improved in [46] to
∑
rmaxx∈Sr
Deg−(x)
Deg+(x)
< ∞ by using the
weak Omori-Yau maximum principle for (SI). Furthermore, in [95] it is shows
that if
∑
r
1
D+(r)
=∞, then a graph does not satisfy (SI).
Note that the conditions for (FP) and (SI) are opposite in some sense.
The reason is that (SI) requires large growth while (FP) holds either due to
large growth or small growth. The conditions presented here for (FP) have
do with small growth.
Proof of Theorem 3.2. As mentioned above, (FP) is equivalent to the exis-
tence of a positive function v ∈ C0(X) such that Lv ≥ λv for λ < 0.
For the proof of (i), we construct such a function depending only on the
distance to x0. That is, let v(x0) = 1 and for any x ∈ Sr for r ≥ 1, let
v(r) := v(x) :=
r∏
i=1
D−(i)
D−(i)− λ
.
As λ < 0, v is decreasing as the distance to x0 increases and as
1
v(x)
=
r∏
i=1
(
1−
λ
D−(i)
)
−→∞ as r →∞
by the assumption that
∑
r
1
D−(r)
=∞, it follows that v ∈ C0(X).
We observe that Lv(x0) ≥ 0 ≥ λv(x0). Finally, for x ∈ Sr, r ≥ 1, we get
that
Lv(x) = Deg+(x)(v(r)− v(r + 1)) + Deg−(x)(v(r) − v(r − 1))
≥ Deg−(x)v(r)
(
1−
D−(r)− λ
D−(r)
)
= Deg−(x)v(r)
(
λ
D−(r)
)
≥ λv(r) = λv(x).
This finishes the proof of (i).
For (ii), let v > 0 satisfy Lv ≥ λv for λ < 0. Such a positive function
exists as the resolvent is positivity improving in the case that the graph is
connected, see [55]. Let w(0) = v(x0) and, for r ≥ 1,
w(r) =
r∏
i=1
(
d−(i)
D(i)− λ
)
v(x0).
Note that as
1
w(r)
=
r∏
i=1
(
1 +
D(i)− d−(i) − λ
d−(i)
)
6−→ ∞ as r →∞
since
∑
r
D(r)−d−(r)+1
d−(r)
<∞ it follows that w 6∈ C0(X).
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We now claim by induction on r that v ≥ w. For r = 0 this is clear by
definition. Now, assume that v(y) ≥ w(r−1) for all y ∈ Sr−1 and let x ∈ Sr.
Then
λv(x) ≤ Lv(x) ≤ Deg(x)v(x) −
1
m(x)
∑
y∈Sr−1
b(x, y)v(y)
≤ Deg(x)v(x) −Deg−(x)w(r − 1)
from which it follows that
v(x) ≥
(
Deg−(x)
Deg(x)− λ
)
w(r − 1) ≥
(
d−(r)
D(r)− λ
)
w(r − 1) = w(r).
This completes the proof as it follows that v 6∈ C0(X). 
3.3. Curvature and the Feller property. As noted above, Theorem 3.2
(i) extends Theorem 4.2 from [96] which gives (FP) in the case of uniformly
bounded degree. The result on bounded degree in [96], at least in terms of
the proof, is an analogue to [22, 98] stating that any Riemannian manifold
with Ricci curvature uniformly bounded from below will satisfy (FP).
An optimal criterion for (FP) in terms of Ricci curvature in the setting of
Riemannian manifolds is proven via probabilistic techniques in [40]. Namely,
Hsu shows that if κ(r) is a lower bound on the Ricci curvature of a geodesic
ball of radius r, then ∫ ∞ 1√
|κ(r)|
dr =∞
implies (FP).
Recently, there has been a tremendous interest in various notions of
curvature, and especially of Ricci curvature, for graphs, see, for example,
[4,8,10,15,17,24,26–28,33–35,42,50,51,60,63–69,71,73–79,83–85,87,90,97].
In particular, two notions have been most prominently explored for finding
analogues to results in the setting of Riemannian manifolds for graphs: the
Bakry-E´mery approach having its origins in [2] and the coarse Ollivier-Ricci
curvature originating in the work [78]. As such, given the results on Rie-
mannian manifolds mentioned above, it would seem natural to ask if there
is a Ricci curvature criterion for (FP) using these new curvature notions. In
this subsection we discuss that this is, in general, not the case. In particu-
lar, we show that there exist graphs which satisfy arbitrary lower curvature
bounds for both the Ollivier-Ricci and Bakry-E´mery curvatures but do not
satisfy (FP).
We first briefly discuss the definitions of the two curvatures mentioned
above. First, the Ollivier-Ricci curvature originally defined via optimal
transport in [78] and modified in [65] was recently extended to general graph
Laplacians in [75]. Although, we do not give the definition here, we mention
that this curvature can be calculated explicitly for large classes of graphs.
In particular, for any graph satisfying X = N0 with b(x, y) > 0 if and only
if |x − y| = 1, it follows that κ(r) := κ(r − 1, r), the curvature between
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adjacent vertices r − 1 and r, can be calculated as
κ(r) =
b(r − 1, r)− b(r − 1, r − 2)
m(r − 1)
−
b(r, r + 1)− b(r, r − 1)
m(r)
(3.1)
=
(
d+(r − 1)− d−(r − 1)
)
−
(
d+(r)− d−(r)
)
where we let d+(r) = b(r, r+1)/m(r) and d−(r) = b(r−1, r)/m(r) as above
and let d−(0) = 0.
Secondly, Bakry-E´mery curvature is defined via a Bochner formula as
follows. The maximal lower Bakry-E´mery curvature bound KBE ∈ C(X) is
given by
KBE := sup{K ∈ C(X) : Γ2(f, f) ≥ KΓ1(f, f),∀f ∈ C(X)}
where Γ0(f, g) := f · g and for k ≥ 1,
Γk(f, g) := −LΓk−1(f, g) + Γk−1(Lf, g) + Γk−1(f,Lg).
Using these formulas, we can construct examples of graphs which do not
satisfy (FP) with both Ollivier-Ricci and Bakry-E´mery curvature satisfying
arbitrary lower bounds.
Proposition 3.5. For every sequence (kr)r∈N, kr ∈ R, there exists a graph
with X = N0 which does not satisfy (FP) such that both κ(r) ≥ kr and
KBE(r) ≥ kr.
Proof. We let X = N0 with b(x, y) > 0 if and only if |x− y| = 1. As above,
we let d+(r) = b(r, r + 1)/m(r) and d−(r) = b(r − 1, r)/m(r) and we first
choose b and m to satisfy d+(r) = 1 and
∑
r
1
d−(r)
< ∞. Then, applying
Theorem 3.2 shows that the graph does not satisfy (FP).
Furthermore, for every kr ∈ R, we can make the choices d−(r)−d−(r−1) ≥
kr. Then, κ(r) ≥ kr follows from (3.1).
For Bakry-E´mery curvature, we further refine the choices of d−(r) to be
increasing and to satisfy d−(r) − d−(r − 1) ≥ 2(kr ∨ kr−1). A straight-
forward computation gives that KBE(r) ≥ kr is equivalent to W−(r) ≥ 0
and W+(r) ≥ 0 and W−(r)W+(r) ≥ 4d−(r)d+(r) with
W−(r) := −d−(r − 1) + 3d+(r − 1) + d−(r)− d+(r)− 2kr
and
W−(r) := −d+(r + 1) + 3d−(r + 1) + d+(r)− d−(r)− 2kr,
see Section 2 in [44]. Since d−(r)−d−(r−1) ≥ 2kr, we haveW−(r) ≥ 2. Since
d−(r+1)−dr ≥ 2kr, we haveW+(r) ≥ 2d−(r+1). Since d−(r) is increasing,
we obtain W−(r)W+(r) ≥ 4d−(r)d+(r) which proves that KBE(r) ≥ kr. 
Remark 3.6. We note that in the example above the curvatures turn out
to be positive. In fact, with a bit more effort, we can show that for any
sequence kr ∈ R, there exist graphs such as above which do not satisfy (FP)
and which have Ollivier-Ricci curvature κ(r) = kr. This is surprising given
the manifold case were, for example, all Cartan-Hadamard manifolds satisfy
(FP), see [1, 81].
To show this, we again take X = N0 with b(x, y) > 0 if and only if
|x − y| = 1. We first set m(0) = 1 and b(0, 1) = 2 giving Deg(0) = 2.
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Observe that by iterating (3.1), κ(r) = kr for all r ∈ N is equivalent to
b(r, r + 1)− b(r, r − 1)
m(r)
= Deg(0) −
r∑
j=1
kj =: Cr.
The idea of the construction relies on the following two observations: First, if
we choose m(r) small enough, then we can guarantee b(r, r+1) is uniformly
bounded above and below by a constant. We can, for example, set m(r)
such that |Cr|m(r) ≤ 2
−r and b(r, r + 1) := b(r, r − 1) + Crm(r) yielding
|b(r, r + 1)− b(r − 1, r)| ≤ 2−r which gives b(r, r + 1) ∈ [1, 3] for all r ∈ N0.
Moreover, the inductive definition of b(r, r + 1) guarantees that κ(r) = kr.
Second, if we choose m(r) small enough, then, we can guarantee
∞∑
r=1
m({r, r + 1, . . .}) <∞.
This, in particular, holds true if m(r) < 2−r.
To satisfy both of these conditions, we can simply set m(r) := 2
−r
1+|Cr |
.
We easily see that
∑
r
1
b(r,r+1) =∞ since b(r, r + 1) ≤ 3. Moreover, since
b(r, r + 1) ≥ 1,∑
r
m({r, r + 1, . . .})
b(r, r − 1)
≤
∑
r
m({r, r + 1, . . .}) <∞.
This implies that the graph does not satisfy the Feller property due to
Theorem 4.13 in [96].
3.4. An intrinsic metric criterion. As previously mentioned, if the ver-
tex measure is uniformly bounded from below by a positive constant, then
the graph satisfies (FP). We now improve this by allowing the measure to
decay to 0. The rate of decay will involve the use of intrinsic metrics and a
heat kernel estimate obtained in [7].
We first introduce some concepts related to intrinsic metrics. For the full
theory of intrinsic metrics for non-local Dirichlet forms, which extends the
framework of local Dirichlet forms with killing term in [88], see [32]. For
other applications for graphs, see the survey [54].
Definition 3.7. We say that a metric ρ : X ×X → [0,∞) is intrinsic if∑
y∈X
b(x, y)ρ2(x, y) ≤ m(x)
for all x ∈ X. We say that an intrinsic metric has finite jump size j > 0 if
ρ(x, y) ≤ j for all x ∼ y. Finally, an intrinsic metric is called proper if all
balls defined with respect to ρ are finite.
Example 3.8. A standard example for graphs first found in [45] is to let
ρ(x, y) = (max{Deg(x),Deg(y)})−1/2
for all x ∼ y and then extend this to all vertices via paths. It will have finite
jump size if the weighted degree is uniformly bounded from below and will
be proper given that the weighted degree does not grow too rapidly.
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We now recall a heat kernel estimate which follows from the Davies-
Gaffney-Girgor’yan Lemma for graphs proven in [7] (see also [6, 19–21, 29,
72, 80, 86] for earlier work). Namely, if ρ is a proper intrinsic metric with
finite jump size j, we get the following estimate for the heat kernel:
(3.2) pt(x, y) ≤
1√
m(x)m(y)
exp (−ζj(t, ρ(x, y)))
where
ζj(t, r) =
1
j2
(
jr · arsinh
(
jr
t
)
−
√
t2 + (jr)2 + t
)
.
We note that ρ is not needed to be proper for the result above to hold.
However, we need that yn → ∞ if and only if ρ(x, yn) → ∞ for our result
below and at this point we need the metric to be proper.
Theorem 3.9. Let G = (X, b,m) be a graph with a proper intrinsic metric
ρ with finite jump size j > 0. If for some x0 ∈ X and some C > 0 one has
− logm(y) ≤
2ρ(x0, y)
j
(log ρ(x0, y) +C)
for all y ∈ X, then G satisfies (FP).
Proof of Theorem 3.9. We aim to show that pt(x0, y) → 0 as y → ∞ by
using (3.2). We remark that due to Lemma 3.1, it suffices to show that
pt(x0, y)→ 0 for some small t > 0. First, we note that
ζj(t, r) ≥
r
j
log
(
jr
t
)
−
r
j
≥
r
j
(log r + C + 1)
if t > 0 is chosen small enough, where the first inequality follows from
arsinh(α) ≥ logα and α−
√
α2 + β2 ≥ −β for α, β > 0.
Hence by (3.2),
log pt(x0, y) ≤ −
1
2
logm(x0)−
1
2
logm(y)− ζj(t, ρ(x0, y))
≤ −
1
2
logm(x0)−
1
2
logm(y)−
ρ(x0, y)
j
(log ρ(x0, y) + C + 1)
≤ −
1
2
logm(x0)−
ρ(x0, y)
j
where the last estimate follows by assumption. This implies that pt(x0, ·) ∈
C0(X) since ρ is proper which finishes the proof. 
Example 3.10. We give an example for which Theorem 3.2 does not apply
but Theorem 3.9 does. For two positive functions f, g : X → (0,∞) we will
write f ∼ g if there exist positive constants c1, c2 > 0 such that c1f(x) ≤
g(x) ≤ c2f(x) for all x ∈ X.
Let X = N with b(x, y) = 1 if |x−y| = 1 and 0 otherwise and m(r) ∼ 1/r2
for r ∈ N. Then Deg−(r) ∼ r
2 so that Theorem 3.2 does not apply. However,
by using the intrinsic metric in Example 3.8, we get that ρ(r, r + 1) ∼ 1/r
so that ρ(0, r) ∼ log r. Hence, the metric is proper and has finite jump size
j. Therefore,
− logm(r) ∼ log r ≤ Cρ(0, r)
for all r ∈ N so that Theorem 3.9 shows that such a graph satisfies (FP).
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4. Coverings and the heat equation
We now prove some connections between properties of the heat kernel on a
graph and a covering of the graph. We will see that a graph is stochastically
incomplete if and only if a covering of the graph is stochastically incom-
plete and the same is true for the Feller property and uniform transience
in the case of finitely many sheets. In contrast, for coverings with infinitely
many sheets, only one implication holds for both the Feller property and
for uniform transience, namely, if the base satisfies (FP) or (UT), then the
cover will also satisfy (FP) or (UT). We show by example that the other
implications do not hold.
4.1. Heat kernel on the base and that on the cover. In order to prove
these results, we show a very simple relation between the heat kernel on the
base and the heat kernel on the cover following work on manifolds found in
[11,62].
Given a regular covering π : X˜ → X and the heat kernel p˜ on G˜, we define
a new function on the base graph as follows:
qt(x, y) =
∑
y˜∈pi−1(y)
p˜t(x˜, y˜)
for t ≥ 0, x, y ∈ X where x˜ ∈ π−1(x). We will prove that qt(x, y) = pt(x, y)
where p is the heat kernel on G. Throughout, we will let L denote the
Laplacian on G while L˜ will denote the Laplacian on G˜. We will also put a
subscript to indicate in which variable the Laplacian is being applied when
necessary.
We first show that qt(x, y) is well-defined. That is, if x˜1, x˜2 ∈ π
−1(x),
then we must show that
∑
y˜∈pi−1(y) p˜t(x˜1, y˜) =
∑
y˜∈pi−1(y) p˜t(x˜2, y˜). As the
covering is regular, there exists a deck transformation γ such that γ(x˜1) =
x˜2. It then follows that∑
y˜∈pi−1(y)
p˜t(x˜2, y˜) =
∑
y˜∈pi−1(y)
p˜t(γ(x˜1), y˜)
=
∑
y˜∈pi−1(y)
p˜t(x˜1, γ
−1(y˜)) =
∑
y˜∈pi−1(y)
p˜t(x˜1, y˜)
since γ is an isomorphism and Γ acts transitively on each fiber. Thus, q is
well-defined. Furthermore, note that q is finite as
qt(x, y) =
∑
y˜∈pi−1(y)
p˜t(x˜, y˜) =
1
m(y)
∑
y˜∈pi−1(y)
p˜t(x˜, y˜)m˜(y˜) ≤
1
m(y)
.
Next we will show that q satisfies the heat equation on G = (X, b,m).
In order to do so, we need to justify the interchange of the derivative and
summation via the use of the dominated convergence theorem. Therefore,
we need to bound the absolute value of the derivatives of p˜ by a summable
function independently of t. This is a general phenomenon and does not
have to do with coverings so we present it as such and then apply it to q.
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Lemma 4.1. For every T > 0 and x ∈ X, there exists fx := fx,T ∈ ℓ
1(X,m)
such that
max
t∈[0,T ]
pt(x, y) ≤ fx(y)
for all y ∈ X.
Proof. Let 1̂x(y) = 1x(y)/m(x) and note that p0(x, y) = 1̂x(y). As pt(x, y)
satisfies the heat equation in either variable,
pt(x, y) = 1̂x(y) +
∫ t
0
∂sps(x, y)ds
≤ 1̂x(y) +
∫ T
0
|∂sps(x, y)|ds
= 1̂x(y) +
∫ T
0
|Lxps(x, y)|ds
≤ 1̂x(y) +
∫ T
0
(
Deg(x)ps(x, y) +
1
m(x)
∑
z∈X
b(x, z)ps(z, y)
)
ds
=: fx(y).
Since this holds for all t ∈ [0, T ], it is clear that maxt∈[0,T ] pt(x, y) ≤ fx(y).
Now, by applying Fubini’s Theorem and using that
∑
y∈X ps(x, y)m(y) ≤
1, we get that ∑
y∈X
fx(y)m(y) ≤ 1 + 2TDeg(x)
so that fx ∈ ℓ
1(X,m). 
We now use the lemma above to show that q satisfies the heat equation
on G.
Lemma 4.2. For all x, y ∈ X, t ≥ 0, we have that
(L+ ∂t)qt(x, y) = 0
where the Laplacian is applied in either variable. Furthermore,
q0(x, y) = p0(x, y).
Proof. Recall that by the definition of the covering, we have that (L+∂t)(p˜◦
π−1) = 0 where L is applied in either variable. Therefore, in order to show
that q satisfies the heat equation on X, it suffices to show that
∂t
∑
y˜∈pi−1(y)
p˜t(x˜, y˜) =
∑
y˜∈pi−1(y)
∂tp˜t(x˜, y˜),
that is, that the summation and derivative commute. For this, it suffices to
observe that p˜ is differentiable in t, that, as noted above,
∑
y˜∈pi−1(y) p˜t(x˜, y˜) ≤
1/m(y) for all t and that for any T > 0 and t ∈ [0, T ] with fx˜ as in
Lemma 4.1, we have
|∂tp˜t(x˜, y˜)| = |L˜x˜p˜t(x˜, y˜)|
≤ Deg(x)fx˜(y˜) +
1
m˜(x˜)
∑
z˜∈X˜
b˜(x˜, z˜)fz˜(y˜).
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Since the upper bound is a finite sum of functions which are in ℓ1(X˜, m˜),
with norm independent of t, and since∑
y˜∈pi−1(y)
|f(y˜)| =
1
m(y)
∑
y˜∈pi−1(y)
|f(y˜)|m˜(y˜)
for any f ∈ ℓ1(X˜, m˜) the first statement follows.
For the second statement, note that by applying Lemma 4.1 again we get
that
lim
t→0+
∑
y˜∈pi−1(y)
p˜t(x˜, y˜) =
∑
y˜∈pi−1(y)
p˜0(x˜, y˜) =
∑
y˜∈pi−1(y)
1̂x˜(y˜) = 1̂x(y) = p0(x, y).

As pt(x, y) is the minimal non-negative solution to the heat equation on
G by [55], it follows that
pt(x, y) ≤ qt(x, y).
We now show that the opposite inequality is also true. In order to do so, we
note the following summation formula. If D˜ ⊆ X˜, D = π(D˜) and ϕ ∈ Cc(X),
then
(4.1)
∑
y∈D
 ∑
y˜∈pi−1(y)∩D˜
p˜t(x˜, y˜)
ϕ(y)m(y) = ∑
y˜∈D˜
p˜t(x˜, y˜)(ϕ ◦ π)(y˜)m˜(y˜),
which is a discrete version of co-area formula for the map π.
Now, we take any exhaustion sequence D˜i of X˜ . That is, D˜i are finite,
connected, increasing subsets of X˜ such that X˜ = ∪iD˜i. We let p˜
i denote
the Dirichlet heat kernels on D˜i. These satisfy the heat equation on
intD˜i = {x˜ ∈ D˜i | y˜ ∈ D˜i for all y˜ ∼ x˜},
the interior of D˜i, and vanish on the boundary ∂D˜i = D˜i \ intD˜i. For
convenience, one may extend p˜i to the entire graph by setting p˜i(x˜, y˜) = 0
whenever x˜ or y˜ ∈ X˜ \ D˜i. By maximum principle arguments it follows that
p˜i → p˜ monotonically as i→∞, see [55,93] for more details.
We fix x ∈ X, choose x˜ ∈ π−1(x) and define
qit(y) =
∑
y˜∈pi−1(y)∩D˜i
p˜it(x˜, y˜)
and note that by the monotone convergence theorem qit(y) → qt(x, y) as
i→∞. We furthermore note that if Di = π(D˜i), then q
i
t(y) = 0 for y ∈ ∂Di
and that qi0(y) ≤ p0(x, y). We now show that q
i is a subsolution for the heat
equation. The following is adapted from [11].
Lemma 4.3. For y ∈ Di = π(D˜i) we have that
(L+ ∂t)q
i
t(y) ≤ 0.
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Proof. Let 1̂y = 1y/m(y). By Green’s formula and using the summation
equality (4.1) twice, we have that
Lqit(y) =
〈
Lqit, 1̂y
〉
=
〈
qit, L1̂y
〉
=
∑
z∈Di
qit(z)L1̂y(z)m(z)
=
∑
z∈Di
 ∑
z˜∈pi−1(z)∩D˜i
p˜it(x˜, z˜)
L1̂y(z)m(z)
=
∑
z˜∈D˜i
p˜it(x˜, z˜)(L1̂y ◦ π)(z˜)m˜(z˜)
=
∑
z˜∈D˜i
p˜it(x˜, z˜)L˜(1̂y ◦ π)(z˜)m˜(z˜)
=
∑
z˜∈D˜i
L˜z˜ p˜
i
t(x˜, z˜)(1̂y ◦ π)(z˜)m˜(z˜)
=
∑
z˜∈intD˜i
−∂tp˜
i
t(x˜, z˜)(1̂y ◦ π)(z˜)m˜(z˜)
−
∑
z˜∈∂D˜i
∑
w˜∈D˜i
b˜(z˜, w˜)p˜it(x˜, w˜)(1̂y ◦ π)(z˜)
≤ −∂t
∑
z˜∈D˜i
p˜it(x˜, z˜)(1̂y ◦ π)(z˜)m˜(z˜)
= −∂t
∑
z∈Di
qit(z)1̂y(z)m(z)
= −∂tq
i
t(y).

Theorem 4.4. Let G˜ = (X˜, b˜, m˜) with heat kernel p˜ be a regular covering
of G = (X, b,m) with heat kernel p. For all t ≥ 0, x, y ∈ X and x˜ ∈ π−1(x),
let qt(x, y) =
∑
y˜∈pi−1(y) p˜t(x˜, y˜). Then,
qt(x, y) = pt(x, y).
Proof. As qt(x, y) satisfies the heat equation on X with initial condition
p0(x, y) by Lemma 4.2, it follows that pt(x, y) ≤ qt(x, y) as pt(x, y) is the
minimal non-negative solution. On the other hand, by Lemma 4.3 and
using a maximum principle as, for example Proposition 2.2 in [96], it follows
that qit(y) ≤ pt(x, y). Since q
i
t(y) → qt(x, y) as i → ∞ it follows that
qt(x, y) ≤ pt(x, y) and the conclusion follows. 
We note from the above that it is always true that p˜t(x˜, y˜) ≤ pt(x, y) for
all t ≥ 0, x˜ ∈ π−1(x) and y˜ ∈ π−1(y). In the case of finitely many sheets, we
get that the other inequality holds as well on the diagonal up to a multiple
of the number of sheets.
Lemma 4.5. Let G˜ = (X˜, b˜, m˜) be a regular covering of G = (X, b,m) with
n sheets. Then,
pt(x, x) ≤ n · p˜t(x˜, x˜)
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for all x˜ ∈ X˜ and x = π(x˜).
Proof. We first note that if x˜1, x˜2 ∈ π
−1(x) for x ∈ X and if γ ∈ Γ is a deck
transformation such that γ(x˜1) = x˜2, then
p˜t(x˜1, x˜1) = p˜t(γ(x˜1), γ(x˜1)) = p˜t(x˜2, x˜2).
Furthermore, as the semigroup is a positive operator, letting 1̂x = 1x/m(x)
we immediately get that
0 ≤
〈
e−tL˜(1̂x˜1 − 1̂x˜2), 1̂x˜1 − 1̂x˜2
〉
= p˜t(x˜1, x˜1) + p˜t(x˜2, x˜2)− 2p˜t(x˜1, x˜2)
so that p˜t(x˜1, x˜2) ≤ p˜t(x˜1, x˜1). Therefore, if π
−1(x) = {x˜i}
n
i=1, then by
Theorem 4.4 we get that
pt(x, x) =
n∑
i=1
p˜t(x˜1, x˜i) ≤ n · p˜t(x˜1, x˜1).

4.2. Main result. The equality qt(x, y) = pt(x, y) gives our main results on
covering of graphs and the heat equation as presented below. We note that
for (ii) and (iii) the other implication does not hold for the case of coverings
with infinite sheets as we will show by example below.
Theorem 4.6. Let G˜ = (X˜, b˜, m˜) be a regular covering of G = (X, b,m).
(i) G˜ satisfies (SI) if and only if G satisfies (SI).
(ii) If G satisfies (FP), then G˜ satisfies (FP).
(iii) If G satisfies (UT), then G˜ satisfies (UT).
Furthermore, (ii) and (iii) become equivalences when the regular covering
has finitely many sheets.
Proof. For (i), note that by Theorem 4.4∑
y∈X
pt(x, y)m(y) =
∑
y∈X
qt(x, y)m(y)
=
∑
y∈X
∑
y˜∈pi−1(y)
p˜t(x˜, y˜)m(y) =
∑
y˜∈X˜
p˜t(x˜, y˜)m˜(y˜)
from which the conclusion follows immediately.
For (ii), note that Theorem 4.4 implies that p˜t(x˜, y˜) ≤ pt(x, y) for all t ≥ 0
and x˜ ∈ π−1(x), y˜ ∈ π−1(y). Fix some x˜ ∈ X˜ and t > 0. It suffices to show
that for any sequence y˜n →∞ in X˜, there is a subsequence y˜nk such that
p˜t(x˜, y˜nk) −→ 0, as k →∞.
Let yn = π(y˜n). If yn → ∞ in X, then the result is clear as we assume
that G satisfies (FP). If not, one can extract a subsequence, still denoted
by yn, such that {yn}
∞
n=1 ⊆ D for some finite set D in X. We may further
choose a subsequence ynk of yn such that y˜nk are contained in the same
fiber. It follows that p˜t(x˜, y˜nk)→ 0 as k →∞ as these terms are the tail of
a convergent series qt(x, ynk). Therefore, the conclusion of (ii) follows.
In the case of finitely many sheets, if G˜ satisfies (FP) and yn ∈ X satisfies
yn → ∞, then for any choice y˜n ∈ π
−1(yn) it follows that y˜n → ∞ in X˜.
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As G˜ satisfies (FP), it follows that p˜t(x˜, y˜n)→ 0 as y˜n →∞. Therefore, by
Theorem 4.4,
pt(x, yn) = qt(x, yn) =
∑
y˜n∈pi−1(yn)
p˜t(x˜, y˜n) −→ 0
as yn → ∞ since the number of terms in the sum above is always equal to
the number of sheets.
For (iii), it is clear from the fact that p˜t(x˜, y˜) ≤ pt(x, y) that
g(x, x) =
∫ ∞
0
pt(x, x)dt ≥
∫ ∞
0
p˜t(x˜, x˜)dt = g˜(x˜, x˜)
from which the conclusion follows immediately.
Now, assume that the covering has n sheets and that G˜ satisfies (UT)
so that g˜(x˜, x˜) ≤ C for all x˜ ∈ X˜ . Letting x ∈ X and x˜ ∈ π−1(x), by
Lemma 4.5 we get that
g(x, x) =
∫ ∞
0
pt(x, x)dt ≤
∫ ∞
0
n · p˜t(x˜, x˜)dt ≤ n · g˜(x˜, x˜) ≤ nC
so that G satisfies (UT). 
The statement of the equality of (FP) on G and G˜ in the case of finitely
many sheets gives an analogy to Proposition 8.1 in [81]. However, neither
(FP) nor (UT) become equality for the case of infinitely many sheets as the
following example shows.
Example 4.7 (G˜ (UT) 6=⇒ G (FP)). Let
G = Z1,m × C3 × C3
where C3 are ordinary 3-cycles with standard edge weight and measure
and Z1,m = (Z, b,m) with b(x, y) = 1 if |x − y| = 1 and 0 otherwise and
m(x) = m(−x) = m(r) if |x| = r wherem satisfies
∑∞
r=0
∑∞
k=r+1m(k) <∞.
It follows by Theorem 4.13 in [96] that Z1,m is not Feller. As such, by The-
orem 3.3 in [96], there exists a function v 6∈ C0(Z) with v(0) = 1 and such
that LZ1,mv(z) = −v(z) for all z 6= 0. This function can be easily extended
to G by letting w(z, x1, x2) = v(z) for all vertices (z, x1, x2) in G. It fol-
lows that w satisfies Lw = −w away from (0, x1, x2), w(0, x1, x2) = 1 and
w 6∈ C0(X). As such, G does not satisfy (FP) and, consequently, does not
satisfy (UT).
We now let
G˜ = Z1,m × Z× Z
where Z is the ordinary integer lattice with standard edge weight and mea-
sure. As Z is the universal cover of C3, we let πi : Z → C3 denote the
covering maps. Then, π : X˜ → X given by π(z, x˜1, x˜2) = (z, π1(x˜1), π2(x˜2))
is a regular covering. Topologically, G˜ is homeomorphic to Z3, the standard
3-dimensional integer lattice, and all such graphs are uniformly transient,
independently of the measure, see Corollary 2.6 in [56]. Thus, G˜ satisfies
(UT) and (FP) while G satisfies neither.
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4.3. Spectral applications. We now give some spectral applications of
Theorem 4.4. In particular, we look at the bottom of the spectrum of the
Laplacian which is given by
λ0(L) = inf
ϕ∈Cc(X),ϕ 6=0
〈Lϕ,ϕ〉
‖ϕ‖2
and give some connections between the bottom of the spectrum of a graph
and its cover. We also investigate the heat kernel decay in this setting.
By applying an analogue to a theorem of Li [61], proven in the graph
setting in [38,57], we have the following result concerning λ0(L).
Corollary 4.8. Let G˜ = (X˜, b˜, m˜) be a regular covering of G = (X, b,m).
Let λ0(L) and λ0(L˜) denote the bottom of the spectrum of the Laplacian on
G and G˜, respectively. Then,
λ0(L˜) ≥ λ0(L).
Furthermore, we have equality if the covering has finitely many sheets.
Proof. The heat kernel and the bottom of the spectrum are connected as
follows:
lim
t→∞
ln pt(x, y)
t
= −λ0(L)
for any x, y ∈ X, see [38,57]. The result is then immediate since p˜t(x˜, y˜) ≤
pt(x, y) which follows from Theorem 4.4. In case of finitely many sheets,
Lemma 4.5 yields that pt(x, x) ≤ n · p˜t(x˜, x˜) where n is the number of
sheets. This immediately gives λ0(L˜) ≤ λ0(L) as desired. 
We also have the following analogue to a result of Chavel/Karp, see Corol-
lary 3 in [14].
Corollary 4.9. Let G˜ = (X˜, b˜, m˜) be a regular covering of G = (X, b,m).
Let λ0(L˜) denote the bottom of the spectrum of the Laplacian on G˜. If the
number of sheets of the covering is infinite, then
lim
t→∞
etλ0(L˜)p˜t(x˜, y˜) = 0.
Proof. It is always true that the limit above exists, see [38, 57]. Now, if
λ0(L˜) = 0, then limt→∞ p˜t(x˜, y˜) = 0 by Corollary 8.2 in [38] as m˜(X˜) = ∞
since the number of sheets is infinite.
If λ0(L˜) > 0 and the limit above is positive, then there exists a positive,
normalized eigenfunction φ to λ0(L˜) in ℓ
2(X˜, m˜) and it turns out in this
case that the eigenspace of λ0(L˜) is one-dimensional, see [38,57,89].
By an easy calculation using the invariance under the deck transformation
group Γ, it follows that γ∗φ would also be an eigenfunction for λ0(L˜) in
ℓ2(X˜, m˜) for any γ ∈ Γ where (γ∗φ)(x˜) = φ(γ(x˜)). As the eigenspace of
λ0(L˜) is one-dimensional, it follows that there exists α : Γ→ R+ such that
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γ∗φ = α(γ)φ for all γ ∈ Γ. Therefore,
‖φ‖2 =
∑
x∈X
∑
x˜∈pi−1(x)
φ(x˜)2m˜(x˜)
=
∑
x∈X
m(x)
∑
γ∈Γ
(γ∗φ)2(x˜)
=
∑
x∈X
m(x)φ2(x˜)
∑
γ∈Γ
(α(γ))2.
As this is independent of the choice of x˜ ∈ π−1(x), it follows that
φ(x˜1) = φ(x˜2)
for all x˜1, x˜2 ∈ π
−1(x). Since the measure is independent of the sheet and
the number of sheets is infinite, it follows that φ could not be in ℓ2(X˜, m˜).
Therefore, the limit must be zero. 
5. Covering manifolds and heat kernels
In this section, we give a deterministic proof of the fact that stochastic
incompleteness of a complete Riemannian manifold is equivalent to stochas-
tic incompleteness of the cover, thus answering a questions raised in [81].
The proof is essentially a synthesis of results found in [11,62] and the basic
argument was already given for graphs in the preceding section though the
technicalities are different in the manifold setting.
Let (M,g) be a complete Riemannian manifold. Let M˜ be a regular cover-
ing ofM, π : M˜ →M be the covering map and Γ be the deck transformation
group. We denote by g˜ the lifted Riemannian metric on M˜ via the map π.
One can then show that (M˜, g˜) is complete.
We denote by ∆ (∆˜, respectively) the (positive) Laplace-Beltrami opera-
tor on M (M˜ , respectively). We can then define the heat kernel as follows.
Note that this is essentially the same as in the graph case though the initial
condition is given in a distributional sense.
Definition 5.1. Let M be a complete Riemannian manifold. We say that
Ht(x, y) is a heat kernel on M if H is positive, symmetric in the x and y
variables and satisfies the heat equation
(5.1) (∆x + ∂t)Ht(x, y) = 0
for y ∈M with initial condition
lim
t→0+
Ht(x, y) = δy(x)
where the limit is weak convergence in the sense of measure and δy(·) denotes
the point mass delta function at y.
We let pt(x, y) (p˜t(x˜, y˜), respectively) denote the minimal heat kernel on
M (M˜ , respectively). These can be constructed via an exhaustion sequence
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regardless of the completeness of the manifold, see [22]. Stochastic incom-
pleteness (SI) is then defined analogous to the case of graphs as∫
M
pt(x, y)dy < 1
for some (all) x ∈M and some (all) t > 0.
For any x, y ∈M, we define
qt(x, y) :=
∑
y˜∈pi−1(y)
p˜t(x˜, y˜)
for x˜ ∈ π−1(x). By the local Harnack inequality, one can show that qt(x, y)
is finite for any x, y ∈ M, see, for example, the proof of Corollary 16.3 in
[62]. Since the covering is regular, it is easy to show that the definition of
qt(x, y) is independent of choice of x˜ in π
−1(x) and that qt(x, y) is symmetric
in x and y.
Bordoni [11] proved the following estimate, see Lemma 4.3 above for the
proof of the essential step in the case of graphs.
Proposition 5.2 (Proposition 2.4 in [11]). Let M˜ be a regular covering of
M. Then, for all t > 0, x, y ∈M,
qt(x, y) ≤ pt(x, y).
In fact, an argument by Li yields the following identity, see the proof of
Corollary 16.3 in [62] for manifolds and Theorem 4.4 above for the graph
case.
Theorem 5.3. Let M˜ be a regular covering of M. Then, for all t > 0, x, y ∈
M,
qt(x, y) = pt(x, y).
We will give an alternative proof of this result below. In order to do so,
we will show that qt(x, y) is also a heat kernel in the sense of Definition 5.1.
This is sufficient to prove Theorem 5.3 by combining Bordoni’s result with
the minimality pt(x, y).
Proposition 5.4. Let M˜ be a regular covering of M. Then, qt(x, y) is a
heat kernel on M.
Proof. First, one can use the argument in Theorem 12.4 in [62] to verify
that qt(x, y) satisfies the heat equation (5.1) for any t > 0 by writing
qt(x, y) = lim
k→∞
k∑
i=1
p˜t(x˜i, y˜)
where {x˜i}
∞
i=1 = π
−1(x).
To complete the proof, we show that qt(x, y) satisfies the initial condition.
That is, for any ϕ ∈ Cc(M), where Cc(M) denotes the compactly supported
continuous functions on M , and any y ∈M
(5.2) lim
t→0+
∫
M
qt(x, y)ϕ(x)dx = ϕ(y).
Without loss of generality, we may assume that ϕ ≥ 0. It is well-known
that there exists a fundamental domain M˜1 in M˜ such that γ1M˜1∩γ2M˜1 = ∅
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if γ1 6= γ2 for γ1, γ2 ∈ Γ, and vol(M˜ \∪γ∈ΓγM˜1) = 0. For fixed y ∈M, there
exists a ball Bδ(y) of small radius δ > 0 such that B2δ(y˜1) is contained in
a fundamental domain M˜1 for some y˜1 ∈ π
−1(y) and so that π : Bδ(y˜1) →
Bδ(y) is an isometry.
Let η be a smooth cut-off function on M satisfying η ≡ 1 on B δ
2
(y),
0 ≤ η ≤ 1 and sptη ⊂ Bδ(y) where sptη denotes the support of η. We may
write
ϕ = ηϕ+ (1− η)ϕ.
Note that since qt(x, y) ≤ pt(x, y),∫
M
qt(x, y)
(
(1− η)ϕ
)
(x)dx ≤
∫
M
pt(x, y)
(
(1− η)ϕ
)
(x)dx
→
(
(1− η)ϕ
)
(y) = 0, t→ 0+
where we have used the initial condition for pt(x, y). Hence, to prove (5.2),
it suffices to show that
(5.3) lim
t→0+
∫
M
qt(x, y)(ηϕ)(x)dx = ϕ(y).
For simplicity, we write ζ = ηϕ. We note that sptζ ⊂ Bδ(y) and ζ(y) =
ϕ(y). As we assume ϕ ≥ 0, by the fact that qt(x, y) ≤ pt(x, y), we get∫
M
qt(x, y)ζ(x)dx− ζ(y) ≤
∫
M
pt(x, y)ζ(x)dx − ζ(y)
→ 0, t→ 0+
On the other hand, to estimate the opposite difference, we use the fact
that sptζ ⊂ Bδ(y) and Bδ(y˜1) ⊂ M˜1, to lift the function ζ to M˜1, by
ζ˜(x˜) =
{
ζ(π(x˜)), x˜ ∈ M˜1,
0, x˜ ∈ M˜ \ M˜1.
Then ζ˜ ∈ Cc(M˜) with sptζ˜ ⊂ M˜1. Hence,
ζ(y)−
∫
M
qt(x, y)ζ(x)dx = ζ˜(y˜1)−
∫
sptζ
∑
x˜∈pi−1(x)
p˜t(x˜, y˜1)ζ(x)dx
≤ ζ˜(y˜1)−
∫
M˜1
p˜t(x˜, y˜1)ζ˜(x˜)dx˜
→ 0, t→ 0+.
By combining these two inequalities, we get (5.3) which completes the
proof. 
We are now ready to give another proof of Theorem 5.3, which was orig-
inally proven by Li using the Duhamel principle, see the proof of Corol-
lary 16.3 in [62].
Proof of Theorem 5.3. Since pt(x, y) is the minimal heat kernel and qt(x, y)
is a heat kernel by the proposition above, we get
pt(x, y) ≤ qt(x, y)
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by Theorem 3.6 in [22]. This proves the theorem by combining it with
Bordoni’s result, Proposition 5.2. 
In the case when M˜ is a regular covering of M , Elworthy [25] used sto-
chastic differential equations to give a proof of the fact that M satisfies (SI)
if and only if M˜ satisfies (SI). Pigola and Setti [81] asked for a deterministic
proof of this fact. By Theorem 5.3, we may provide an affirmative answer
to their question.
Theorem 5.5. Let M˜ be a regular covering of M. M satisfies (SI) if and
only if M˜ satisfies (SI).
Proof. Given x ∈M, we choose any x˜ ∈ π−1(x). By Theorem 5.3,∫
M
pt(x, y)dy =
∫
M
qt(x, y)dy
=
∫
M
∑
y˜∈pi−1(y)
p˜t(x˜, y˜)dy˜ =
∫
M˜
p˜t(x˜, y˜)dy˜
where the last equality follows from the co-area formula. The theorem is a
direct consequence of the above equality. 
References
[1] Robert Azencott, Behavior of diffusion semi-groups at infinity, Bull. Soc. Math.
France 102 (1974), 193–240. MR0356254
[2] D. Bakry and Michel E´mery, Diffusions hypercontractives, Se´minaire de probabilite´s,
XIX, 1983/84, 1985, pp. 177–206. MR889476
[3] Martin Barlow, Thierry Coulhon, and Alexander Grigor’yan, Manifolds and graphs
with slow heat kernel decay, Invent. Math. 144 (2001), no. 3, 609–649. MR1833895
[4] Frank Bauer, Paul Horn, Yong Lin, Gabor Lippner, Dan Mangoubi, and Shing-Tung
Yau, Li-Yau inequality on graphs, J. Differential Geom. 99 (2015), no. 3, 359–405.
MR3316971
[5] Frank Bauer, Bobo Hua, and Matthias Keller, On the lp spectrum of Laplacians on
graphs, Adv. Math. 248 (2013), 717–735. MR3107525
[6] Frank Bauer, Bobo Hua, and Shing-Tung Yau, Davies-Gaffney-Grigor’yan lemma on
graphs, Comm. Anal. Geom. 23 (2015), no. 5, 1031–1068. MR3458812
[7] , Sharp Davies-Gaffney-Grigor’yan lemma on graphs, Math. Ann. 368 (2017),
no. 3-4, 1429–1437. MR3673659
[8] Frank Bauer, Ju¨rgen Jost, and Shiping Liu, Ollivier-Ricci curvature and the spectrum
of the normalized graph Laplace operator, Math. Res. Lett. 19 (2012), no. 6, 1185–
1205. MR3091602
[9] Frank Bauer, Matthias Keller, and Rados law K. Wojciechowski, Cheeger inequalities
for unbounded graph Laplacians, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 2, 259–
271. MR3317744
[10] Bhaswar B. Bhattacharya and Sumit Mukherjee, Exact and asymptotic results on
coarse Ricci curvature of graphs, Discrete Math. 338 (2015), no. 1, 23–42. MR3273535
[11] Manlio Bordoni, Comparing heat operators through local isometries or fibrations, Bull.
Soc. Math. France 128 (2000), no. 2, 151–178. MR1772439
[12] Robert Brooks, The fundamental group and the spectrum of the Laplacian, Comment.
Math. Helv. 56 (1981), no. 4, 581–598. MR656213
[13] , The bottom of the spectrum of a Riemannian covering, J. Reine Angew.
Math. 357 (1985), 101–114. MR783536
[14] Isaac Chavel and Leon Karp, Large time behavior of the heat kernel: the parabolic λ-
potential alternative, Comment. Math. Helv. 66 (1991), no. 4, 541–556. MR1129796
COVERINGS OF GRAPHS 25
[15] Fan Chung, Yong Lin, and S.-T. Yau, Harnack inequalities for graphs with non-
negative Ricci curvature, J. Math. Anal. Appl. 415 (2014), no. 1, 25–32. MR3173151
[16] Fan Chung and S.-T. Yau, Coverings, heat kernels and spanning trees, Electron. J.
Combin. 6 (1999), Research Paper 12, 21. MR1667452
[17] David Cushing, Shiping Liu, and Norbert Peyerimhoff, Bakry-Emery curvature func-
tions of graphs, arXiv preprint arXiv:1606.01496 (2016).
[18] E. B. Davies, Heat kernel bounds, conservation of probability and the Feller property,
J. Anal. Math. 58 (1992), 99–119. Festschrift on the occasion of the 70th birthday of
Shmuel Agmon. MR1226938
[19] , Analysis on graphs and noncommutative geometry, J. Funct. Anal. 111
(1993), no. 2, 398–430. MR1203460
[20] , Large deviations for heat kernels on graphs, J. London Math. Soc. (2) 47
(1993), no. 1, 65–72. MR1200978
[21] Thierry Delmotte, Parabolic Harnack inequality and estimates of Markov chains on
graphs, Rev. Mat. Iberoamericana 15 (1999), no. 1, 181–232. MR1681641
[22] Jo´zef Dodziuk, Maximum principle for parabolic inequalities and the heat flow on
open manifolds, Indiana Univ. Math. J. 32 (1983), no. 5, 703–716. MR711862
[23] Jo´zef Dodziuk and Varghese Mathai, Kato’s inequality and asymptotic spectral prop-
erties for discrete magnetic Laplacians, The ubiquitous heat kernel, 2006, pp. 69–81.
MR2218014
[24] Ronen Eldan, James R. Lee, and Joseph Lehec, Transport-entropy inequalities and
curvature in discrete-space Markov chains, A journey through discrete mathematics,
2017, pp. 391–406. MR3726607
[25] K. D. Elworthy, Stochastic differential equations on manifolds, London Mathematical
Society Lecture Note Series, vol. 70, Cambridge University Press, Cambridge-New
York, 1982. MR675100
[26] Matthias Erbar and Jan Maas, Ricci curvature of finite Markov chains via convexity
of the entropy, Arch. Ration. Mech. Anal. 206 (2012), no. 3, 997–1038. MR2989449
[27] Max Fathi and Jan Maas, Entropic Ricci curvature bounds for discrete interacting
systems, Ann. Appl. Probab. 26 (2016), no. 3, 1774–1806. MR3513606
[28] Max Fathi and Yan Shu, Curvature and transport inequalities for Markov chains in
discrete spaces, Bernoulli 24 (2018), no. 1, 672–698. MR3706773
[29] Matthew Folz, Gaussian upper bounds for heat kernels of continuous time simple
random walks, Electron. J. Probab. 16 (2011), no. 62, 1693–1722. MR2835251
[30] , Volume growth and spectrum for general graph Laplacians, Math. Z. 276
(2014), no. 1-2, 115–131. MR3150195
[31] , Volume growth and stochastic completeness of graphs, Trans. Amer. Math.
Soc. 366 (2014), no. 4, 2089–2119. MR3152724
[32] Rupert L. Frank, Daniel Lenz, and Daniel Wingert, Intrinsic metrics for non-local
symmetric Dirichlet forms and applications to spectral theory, J. Funct. Anal. 266
(2014), no. 8, 4765–4808. MR3177322
[33] Yijin Gao, Curvature estimate on the finite graph with large girth, arXiv preprint
arXiv:1609.08964 (2016).
[34] , One example about the relationship between the CD inequality and CDE’
inequality, arXiv preprint arXiv:1610.05871 (2016).
[35] Chao Gong and Yong Lin, Equivalent properties for CD inequalities on graphs
with unbounded Laplacians, Chin. Ann. Math. Ser. B 38 (2017), no. 5, 1059–1070.
MR3692377
[36] Alexander Grigor′yan, Analytic and geometric background of recurrence and non-
explosion of the Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc.
(N.S.) 36 (1999), no. 2, 135–249. MR1659871
[37] Alexander Grigor’yan, Xueping Huang, and Jun Masamune, On stochastic complete-
ness of jump processes, Math. Z. 271 (2012), no. 3-4, 1211–1239. MR2945605
[38] Sebastian Haeseler, Matthias Keller, Daniel Lenz, and Rados law Wojciechowski,
Laplacians on infinite graphs: Dirichlet and Neumann boundary conditions, J. Spectr.
Theory 2 (2012), no. 4, 397–432. MR2947294
26 BOBO HUA, FLORENTIN MU¨NCH, AND RADOS LAW K. WOJCIECHOWSKI
[39] Sebastian Haeseler, Matthias Keller, and Rados law K. Wojciechowski, Volume growth
and bounds for the essential spectrum for Dirichlet forms, J. Lond. Math. Soc. (2) 88
(2013), no. 3, 883–898. MR3145136
[40] Pei Hsu, Heat semigroup on a complete Riemannian manifold, Ann. Probab. 17
(1989), no. 3, 1248–1254. MR1009455
[41] Bobo Hua and Matthias Keller, Harmonic functions of general graph Laplacians,
Calc. Var. Partial Differential Equations 51 (2014), no. 1-2, 343–362. MR3247392
[42] Bobo Hua and Yong Lin, Curvature notions on graphs, Front. Math. China 11 (2016),
no. 5, 1275–1290. MR3547929
[43] , Stochastic completeness for graphs with curvature dimension conditions, Adv.
Math. 306 (2017), 279–302. MR3581303
[44] Bobo Hua and Florentin Mu¨nch, Ricci curvature on birth-death processes,
arXiv:1712.01494.
[45] Xueping Huang, On stochastic completeness of weighted graphs, 2011. Thesis (Ph.D.)–
Bielefeld University.
[46] , Stochastic incompleteness for graphs and weak Omori-Yau maximum prin-
ciple, J. Math. Anal. Appl. 379 (2011), no. 2, 764–782. MR2784357
[47] , On uniqueness class for a heat equation on graphs, J. Math. Anal. Appl. 393
(2012), no. 2, 377–388. MR2921681
[48] , A note on the volume growth criterion for stochastic completeness of weighted
graphs, Potential Anal. 40 (2014), no. 2, 117–142. MR3152158
[49] Xueping Huang, Matthias Keller, Jun Masamune, and Rados law K. Wojciechowski,
A note on self-adjoint extensions of the Laplacian on weighted graphs, J. Funct. Anal.
265 (2013), no. 8, 1556–1578. MR3079229
[50] Oliver Johnson, A discrete log-Sobolev inequality under a Bakry-e´mery type condition,
Ann. Inst. Henri Poincare´ Probab. Stat. 53 (2017), no. 4, 1952–1970. MR3729642
[51] Ju¨rgen Jost and Shiping Liu, Ollivier’s Ricci curvature, local clustering and curvature-
dimension inequalities on graphs, Discrete Comput. Geom. 51 (2014), no. 2, 300–322.
MR3164168
[52] Atsushi Kasue, Convergence of metric graphs and energy forms, Rev. Mat. Iberoam.
26 (2010), no. 2, 367–448. MR2677003
[53] , Random walks and Kuramochi boundaries of infinite networks, Osaka J.
Math. 50 (2013), no. 1, 31–51. MR3080629
[54] Matthias Keller, Intrinsic metrics on graphs: a survey, Mathematical technology of
networks, 2015, pp. 81–119. MR3375157
[55] Matthias Keller and Daniel Lenz, Dirichlet forms and stochastic completeness of
graphs and subgraphs, J. Reine Angew. Math. 666 (2012), 189–223. MR2920886
[56] Matthias Keller, Daniel Lenz, Marcel Schmidt, and Rados law Wojciechowski, Note
on uniformly transient graphs, Rev. Mat. Iberoam. 33 (2017), no. 3, 831–860.
MR3713033
[57] Matthias Keller, Daniel Lenz, Hendrik Vogt, and Rados law Wojciechowski, Note on
basic features of large time behaviour of heat kernels, J. Reine Angew. Math. 708
(2015), 73–95. MR3420329
[58] Matthias Keller, Daniel Lenz, and Rados law K. Wojciechowski, Volume growth, spec-
trum and stochastic completeness of infinite graphs, Math. Z. 274 (2013), no. 3-4,
905–932. MR3078252
[59] Matthias Keller, Yehuda Pinchover, and Felix Pogorzelski, Criticality theory for
schro¨dinger operators on graphs, arXiv:1708.09664 [math.SP] (2017).
[60] Mark Kempton, Florentin Munch, and Shing-Tung Yau, Relationships between cy-
cles spaces, gain graphs, graph coverings, path homology, and graph curvature, arXiv
preprint arXiv:1710.01264 (2017).
[61] Peter Li, Large time behavior of the heat equation on complete manifolds with non-
negative Ricci curvature, Ann. of Math. (2) 124 (1986), no. 1, 1–21. MR847950
[62] , Geometric analysis, Cambridge Studies in Advanced Mathematics, vol. 134,
Cambridge University Press, Cambridge, 2012. MR2962229
[63] Yong Lin, Ricci curvature and functional inequalities on graphs, Fifth International
Congress of Chinese Mathematicians. Part 1, 2, 2012, pp. 663–675. MR2918021
COVERINGS OF GRAPHS 27
[64] Yong Lin, Linyuan Lu, and S.-T. Yau, Ricci-flat graphs with girth at least five, Comm.
Anal. Geom. 22 (2014), no. 4, 671–687. MR3263934
[65] Yong Lin, Linyuan Lu, and Shing-Tung Yau, Ricci curvature of graphs, Tohoku Math.
J. (2) 63 (2011), no. 4, 605–627. MR2872958
[66] Yong Lin and Shing-Tung Yau, Ricci curvature and eigenvalue estimate on locally
finite graphs, Math. Res. Lett. 17 (2010), no. 2, 343–356. MR2644381
[67] Shiping Liu, Florentin Mu¨nch, and Norbert Peyerimhoff, Bakry-Emery curvature and
diameter bounds on graphs, arXiv preprint arXiv:1608.07778 (2016).
[68] , Rigidity properties of the hypercube via Bakry-Emery curvature, arXiv
preprint arXiv:1705.06789 (2017).
[69] Shiping Liu, Florentin Mu¨nch, Norbert Peyerimhoff, and Christian Rose, Dis-
tance bounds for graphs with some negative Bakry-Emery curvature, arXiv preprint
arXiv:1705.08119 (2017).
[70] Terry Lyons and Dennis Sullivan, Function theory, random paths and covering spaces,
J. Differential Geom. 19 (1984), no. 2, 299–323. MR755228
[71] Jan Maas, Entropic Ricci curvature for discrete spaces, Modern approaches to discrete
curvature, 2017, pp. 159–174.
[72] Bernd Metzger and Peter Stollmann, Heat kernel estimates on weighted graphs, Bull.
London Math. Soc. 32 (2000), no. 4, 477–483. MR1760813
[73] Florentin Mu¨nch, Li-Yau inequality on finite graphs via non-linear curvature dimen-
sion conditions, arXiv preprint arXiv:1412.3340 (2014).
[74] Florentin Mu¨nch, Remarks on curvature dimension conditions on graphs, Calc. Var.
Partial Differential Equations 56 (2017), no. 1, Art. 11, 8. MR3592766
[75] Florentin Mu¨nch and Rados law K. Wojciechowski, Ollivier Ricci curvature for general
graph Laplacians: heat equation, Laplace comparison, non-explosion and diameter
bounds, arXiv:1712.00875 [math.DG].
[76] Chien-Chun Ni, Yu-Yao Lin, Jie Gao, Xianfeng David Gu, and Emil Saucan, Ricci
curvature of the internet topology, Computer communications (infocom), 2015 ieee
conference on, 2015, pp. 2758–2766.
[77] Y. Ollivier and C. Villani, A curved Brunn-Minkowski inequality on the discrete hy-
percube, or: what is the Ricci curvature of the discrete hypercube?, SIAM J. Discrete
Math. 26 (2012), no. 3, 983–996. MR3022118
[78] Yann Ollivier, Ricci curvature of Markov chains on metric spaces, J. Funct. Anal.
256 (2009), no. 3, 810–864. MR2484937
[79] Seong-Hun Paeng, Volume and diameter of a graph and Ollivier’s Ricci curvature,
European J. Combin. 33 (2012), no. 8, 1808–1819. MR2950483
[80] M. M. H. Pang, Heat kernels of graphs, J. London Math. Soc. (2) 47 (1993), no. 1,
50–64. MR1200977
[81] Stefano Pigola and Alberto G. Setti, The Feller property on Riemannian manifolds,
J. Funct. Anal. 262 (2012), no. 5, 2481–2515. MR2876412
[82] Yehuda Pinchover, On positive solutions of second-order elliptic equations, stability
results, and classification, Duke Math. J. 57 (1988), no. 3, 955–980. MR975130
[83] Olga Vladimirovna Rubleva, The Ricci curvature of a weighted tree, Mathematical
Notes 100 (2016), no. 3-4, 597–606.
[84] Romeil Sandhu, Tryphon Georgiou, Liangjia Zhu Reznik, Ivan Kolesov, Yasin Sen-
babaoglu, and Allen Tannenbaum, Graph curvature for differentiating cancer net-
works, Scientific reports 5 (2015).
[85] Emil Saucan, Gershon Wolansky, Eli Appleboim, and Yehoshua Y Zeevi, Combinato-
rial Ricci curvature and Laplacians for image processing, Image and signal processing,
2009. cisp’09. 2nd international congress on, 2009, pp. 1–6.
[86] Andreas U. Schmidt, A note on heat kernel estimates on weighted graphs with two-
sided bounds on the weights, Appl. Math. E-Notes 2 (2002), 25–28. MR1979406
[87] Michael Schmuckenschla¨ger, Curvature of nonlocal Markov generators, Convex geo-
metric analysis (Berkeley, CA, 1996), 1999, pp. 189–197. MR1665591
[88] Karl-Theodor Sturm, Analysis on local Dirichlet spaces. I. Recurrence, conserva-
tiveness and Lp-Liouville properties, J. Reine Angew. Math. 456 (1994), 173–196.
MR1301456
28 BOBO HUA, FLORENTIN MU¨NCH, AND RADOS LAW K. WOJCIECHOWSKI
[89] Dennis Sullivan, Related aspects of positivity in Riemannian geometry, J. Differential
Geom. 25 (1987), no. 3, 327–351. MR882827
[90] Chi Wang, Edmond Jonckheere, and Reza Banirazi, Wireless network capacity versus
Ollivier-Ricci curvature under heat-diffusion (hd) protocol, American control confer-
ence (acc), 2014, 2014, pp. 3536–3541.
[91] Andreas Weber, Analysis of the physical Laplacian and the heat flow on a locally finite
graph, J. Math. Anal. Appl. 370 (2010), no. 1, 146–158. MR2651136
[92] David Windisch, Entropy of random walk range on uniformly transient and on
uniformly recurrent graphs, Electron. J. Probab. 15 (2010), no. 36, 1143–1160.
MR2659760
[93] Rados law K. Wojciechowski, Stochastic completeness of graphs, ProQuest LLC, Ann
Arbor, MI, 2008. Thesis (Ph.D.)–City University of New York. MR2711706
[94] , Heat kernel and essential spectrum of infinite graphs, Indiana Univ. Math.
J. 58 (2009), no. 3, 1419–1441. MR2542093
[95] , Stochastically incomplete manifolds and graphs, Random walks, boundaries
and spectra, 2011, pp. 163–179. MR3051698
[96] , The Feller property for graphs, Trans. Amer. Math. Soc. 369 (2017), no. 6,
4415–4431. MR3624415
[97] Taiki Yamada, Curvature dimension inequalities on directed graphs, arXiv preprint
arXiv:1701.01510 (2017).
[98] Shing Tung Yau, On the heat kernel of a complete Riemannian manifold, J. Math.
Pures Appl. (9) 57 (1978), no. 2, 191–201. MR505904
B. Hua, School of Mathematical Sciences, Fudan University, 200433, Shang-
hai, China; Shanghai Center for Mathematical Sciences, Fudan University,
Shanghai 200433, China
E-mail address: bobohua@fudan.edu.cn
F. Mu¨nch, Department of Mathematics, University of Potsdam, Potsdam,
Germany.
E-mail address: chmuench@uni-potsdam.de
R.K. Wojciechowski, Graduate Center of the City University of New York,
365 Fifth Avenue, New York, NY, 10016 and
York College of the City University of New York, 94-20 Guy R. Brewer
Blvd., Jamaica, NY 11451.
E-mail address: rwojciechowski@gc.cuny.edu
